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CONSTRAINED BROWNIAN MOTION: FLUCTUATIONS AWAY 
FROM CIRCULAR AND PARABOLIC BARRIERS 

By Patrik L. Ferrari 1 and Herbert Spohn 

Technische Universitdt Miinchen 

Motivated by the polynuclear growth model, we consider a Brow- 
nian bridge b(t) with 6(±T) = conditioned to stay above the semi- 
circle cr(t) = \lT 2 — t 2 . In the limit of large T, the fluctuation scale 
of b(t) — cr{t) is T 1//3 and its time-correlation scale is T 2 / 3 . We prove 
that, in the sense of weak convergence of path measures, the condi- 
tioned Brownian bridge, when properly rescaled, converges to a sta- 
tionary diffusion process with a drift explicitly given in terms of Airy 
functions. The dependence on the reference point t — tT, t G ( — 1, 1), 
is only through the second derivative of cr(i) at t = tT. We also prove 
a corresponding result where instead of the semicircle the barrier is a 
parabola of height T 1 , 7 > 1/2. The fluctuation scale is then T (2_7)/3 . 
More general conditioning shapes are briefly discussed. 

1. Introduction and main results. We consider the Brownian bridge b(t) 
over the time interval [— T, T], T > 0, b(—T) = b(T) = 0, conditioned to lie 
above the semicircle exit) = \JT 2 — t 2 . Let be the conditioned Brown- 

ian bridge and let XT(t) = — ct(£) be the deviation of away from 
c T (t), see Figure 1. Clearly X T (t) > 0, X T {-T) = X T (T) = 0, and the path 
measure of the process is defined on C([— T, T],R) = C([— T, T]), the space 
of continuous functions over the interval [—T,T] equipped with the supre- 
mum norm. The issue is to understand the statistical properties of Xj-{t) 
for large T. 

A well-studied special case is when ct(£) is replaced by the function zero. 
The Brownian bridge is then constrained to stay positive, a stochastic pro- 
cess known as Brownian excursion. In the limit of large T it converges to the 
three-dimensional Bessel process. Time-dependent barriers, like the circle, 
seem to be hardly studied. An exception is the parabola gT,2(t) =T 2 — t 2 for 
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Fig. 1. Brownian bridge b+(t) conditioned to lie above the semicircle cr(t). 

which some properties have been established [4, 5]; see below. In this paper 
we resolve the fluctuation problem for: 

(i) the circle or(t), 

(ii) the family of parabolas <7t 7 = T 7 (l — (t/T) 2 ). 

We also discuss briefly general shape functions of the form gr{t) = Tg(t/T). 

Our problem arose rather indirectly in an attempt to understand a one- 
layer approximation to the multilayer polynuclear growth model; see [6]. 
There one has N + 1 independent copies of the Brownian bridge, denoted 
here as bj(i), \t\ <T, j = 0,-1, ... , —N, such that bj(±T) = j, and condi- 
tions them on nonintersection, with the subsequent limit N — ► oo. Of interest 
is the top line bo(t), 1*1 <T. Because of conditioning, typically bo(t) has a 
shape of a semicircle. Therefore the crude approximation consists in replac- 
ing all lower-lying Brownian motions, that is, bj(t) with j = —1,-2, ... , by 
the semicircle cy. As we will prove, this approximation preserves the scaling 
behavior, in the sense that transverse fluctuations are of order T 1//3 and lon- 
gitudinal correlations decay over a time span of order T 2 / 3 . However, finer 
details are not accounted for. For example, in our problem Xy(i), on the 
scale T 2 / 3 , is exponentially mixing, whereas the covariance of top line 6o (t) 
on the same scale has only power law decay [2, 10]. 

To state our main result we define the stationary diffusion process A(t) 
through the stochastic differential equation 




dA{t) = a{A{t))dt + db t 



with bt the standard Brownian motion and drift 




a(x) 




Ai(— oj\ + x) ' 
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where —u\ is the first zero of the Airy function Ai [1]. The relevant asymp- 
totic is a(x) = x" 1 for x — ► + and a(x) = —y/x for x — > oo. Thus (1.1) admits 
a unique stationary measure which is given by 

d TO/ A u ^ ^ ^ _ Ai(-^i + x) 2 



(1-3) ^)<')= *[«>o]- 



*4(i) has continuous sample paths and the small x behavior of the drift 
implies that F(A(t) > for all t) = 1. 

Theorem 1.1. Lei 6+(i) &e i/ie Brownian bridge b(t) conditioned on the 
set {b(t) > c T (t) for all t £ [-T,T]} and let X T (t) = b+(t) - c T (t), \t\ < T. 
The rescaled process close to the reference point tT is defined through 

(1.4) t^A T {t) = v s X T (TT + h~ 1 t), 
with v s = 2 x /3(i _ r 2)-i/2 T i/3 ) h s = v 2 s . Then 

(1.5) lim At = A, 

T-+oo 

in the sense of weak convergence of path measures on C([—N,N\), for any 
N>0. 

For the polynuclear growth model, the same rescaling leads to the Airy 
process, which has a t~ 2 decay of correlations as is known from the rather 
intricate explicit solution given in [2, 10]. This behavior should be seen in 
contrast to the exponential mixing of the diffusion process A(t). 

To prove Theorem 1.1, we rely on the fact that some reasonably explicit 
expressions are available in case the semicircle is replaced by a parabola of 
the form 

(1.6) g Tri {t) = T^(l-(t/T) 2 ). 



Theorem 1.2. Let 6 +i7 (i) be the Brownian bridge b(t) conditioned on 
the set {b(t) > gr^it) for all t 6 [— T, T]} and let Xr i7 (i) = fr+, 7 (t) — gr,y{t). 
The rescaled process is defined through 

(1.7) t^A T ,-y(t) = v s X t ^{tT + h~ 1 t), 
with v s = r(7-2)/3 4 i/3 ) h s = v 2 . Then, for 7 > 1/2. 

(1.8) lim At s1 = A, 

T — >oo 

in the sense of weak convergence of path measures on C([—N,N]), for any 
N>0. 
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The limit (1.7) has the, at first sight surprising, feature that the limit 
process A(t) does not depend on the scaling exponent 7. For 7 = 2, that 
is, the standard parabola gr,2{t) =T 2 —t 2 , the fluctuations are of order 1, 
whereas for 7 > 2 they actually decrease as T — ► 00. The condition 7 > 1/2 
reflects the fact that as 7 — ► 1/2 the time-scaling T~ 2 ^~ 2 )/ 3 -> T. In other 
words, for 7 = 1/2 the interior is correlated with the end-points and no 
stationary distribution is reached locally. For 7 < 1/2, gr^it) can be replaced 
by the function zero and the limit process is the Brownian excursion. 

We outline the strategy to prove Theorem 1.1. Note that Xx(t) is Markov, 
in the sense that upon conditioning on Xxito) the future and the past path 
measures are independent. Let us fix then the time window [-N, N] for the 
rescaled process Arit). 

(i) The first step is to show that the entrance/exit law, that is, the joint 
distribution of (At(—N),At(N)) is close to the corresponding entrance/exit 
law of the limit diffusion process A. To achieve such a result the true shape 
function cr(i) is piecewise approximated by parabolas. Parabolas are chosen 
because for them reasonably explicit expressions for the transition probabil- 
ity are available. 

(ii) For the interval [—N,N] we use the limit entrance/exit law and use 
a suitably chosen parabola as conditioning shape, such that the resulting 
process is identical to A(t), \t\ < N. Thus the claim of Theorem 1.1 follows 
from the fact that inside [— N, N] the circle and the parabola differ at most 
by 0(T~ l / A ). 

Following this strategy, in Section 2 we consider the parabolic constraint 
and prove Theorem 1.2. In Section 3 we establish a result needed to con- 
trol the joint entrance/exit law for the time window under consideration. 
With this input we prove Theorem 1.1 in Section 4. In Section 5 we discuss 
other shapes. The Appendix contains estimates on the transition probabil- 
ity for the conditioning parabolic constraint and some monotonicity results 
required in Section 4. 

2. Parabolic constraint. We plan to prove Theorem 1.2 and first state a 
result on the transition density for Brownian motion conditioned to remain 
below a parabola — 5 <7T,2 (t + T) . This result was first obtained by Groene- 
boom; see (2.23) and (2.24) in [5]. In a different way it was derived by 
Salminen; see Proposition (3.9) of [8]. We were led to the explicit formula in 
Lemma 2.1 below from Frachebourg and Martin, page 330 of [4], where the 
references to [5, 8] are given. Since the result holds for an arbitrary diffusion 
coefficient, by Brownian motion scaling we can easily deduce the transition 
density for Brownian motion conditioned to remain above gx,^ it) ■ The result 
is reported in Lemma 2.1 below. The vertical and horizontal scaling depends 
only on the g T ^(t); therefore we define 

(2.1) K = -^*± = 2T^. 
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Let W(x 2 ,t 2 \x\,ti) be the transition probability density for Brownian mo- 
tion b Xl,tl {t) conditioned to start at t\ from gT^{t\) + x i and ending at t 2 
in gT,-y(t 2 ) + x 2 , 

(2.2) W(x 2 ,t 2 \x 1 ,t 1 ) = —P(Y(t 2 ) < x 2 \Y(t) >0,t£ [tx,t 2 ]) 

dx 2 

where Y(t) = b Xl ^{t) - g Ta {t). 

Lemma 2.1. Let us define the vertical and horizontal scaling as 

(2.3) v s = (2k) 1/3 , h s = (2k) 2/3 . 
Then 

(2.4) W(x 2 ,t 2 \x 1 ,t 1 ) = W(x 2 ,t 2 \xi,t 1 )exp(F(x 2 ,t 2 \x 1 ,t 1 )) 
with 

(2.5) W{x 2 MWM) = ^vse-^-^ ^ 1 ~f M ^~f 
and 

F(x 2 ,t 2 \x 1 ,t 1 ) =xig' T (ti) -x 2 g' T Jt 2 ) 

(2.6) 

Here —u>\, —u> 2 , . . . are the zeros of the Airy function, < u\ < lo 2 < ■ ■ ■ . 

Let XT,"f{t) be the process of Theorem 1.2. Furthermore let L be the 
backward generator of the diffusion process A(t), 

, -r \ / \ ld 2 <p(x) , .dip(x) 
(2.7) (L<p)(x) = ^-jV + 



2 dx 2 dx 
as acting on smooth functions (p. A(t) has the invariant measure n(x) 2 with 

(2.8) n(x) = Al f T,? 1 , , x>0, f n(x) 2 dx = l. 

Ai'(-wi) Jr + 

Through the ground-state transformation Hf = —Q(L^ 1 ip) (see, e.g., Chap- 
ter V.16 of [9]), one obtains 

(2.9) (H<p)(x) = Af^r + ~ E<p(x), x > 0. 

H is understood with Dirichlet boundary condition at x = and E = 
implies HQ = 0. Denote by G(x,y;t) the integral kernel of Gt = e~ tH , that 
is, 

(2.10) (e- tH cp)(x)= [ G(x,y;t)<p(y)dy. 
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We remark that H has purely discrete spectrum. Its eigenvalues and eigen- 
functions are given by 

(2.11) E k = $u k+1 , n k (x) = Kl [~" k+l + f ] , x>0,fc = 0,l,.... 

Ai [— UJk+l) 

Note that we use the notation £1 = Qq, since reappears frequently through- 
out the paper. 

Before proving Theorem 1.2 we explain how A is related to a conditioned 
Brownian motion. 

Proposition 2.2. Let Z(t), \t\ < N, be Brownian motion conditioned 
to stay above s(t) = \ (N 2 — t 2 ) and such that the joint probability density of 
(Z(-N),Z(N)) is given by 

(2.12) Pz (t 1 ,-N;&,N) = Slfa)Gfa,t 1 ;2N)Sl(Z 1 ). 

Then Z = A + s on C([-N,N]). 



PROOF. Denote W(t) = Z(t) - s(t); then the transition density of W(t) 

is 

p(y,t\x,u)= [ pz(£i,-N;&,N) 

x G(&,y;N-t)G(y,x;t-u) 

(2.13) xGfafru + NW&Zx&N)- 1 

x / d£id£ 2 p z (Zi,-N;&,N) 

for x,y > and -N < u < t < N . But since pz{£,i,-N;&,N) = ^(£ 2 ) x 
2iV)fi(£i), it follows that 

(2.14) p(y, t\x, u) = (G N . t n)(y)G(y, x; t - u)/(G N . u n)(x). 

Notice that h(x) = (GN~tQ)( x ) = £l(x). Hence the process with transition 
probability density (2.14) is the Doob /i-transform; see Section IV.39 of [7]. 
Thus it follows that the process W(t) satisfies the SDE 

(2.15) dW{t) = a(W{t))dt + db t 

with the drift a{x) = d\nh(x)/dx being equal to (1.2) and bt standard Brow- 
nian motion. Therefore W(t) and A(t) satisfy the same SDE and, since they 

have the same distribution at t = —N, W(t) = A(t). □ 
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We now prove Theorem 1.2 for the case of the parabolic constraint <?t,7- 
The strategy consists in first controlling the joint density of (AT,^(—N),AT,y(N)), 
and then using the Markov property of Brownian motion together with 
Proposition 2.2 to determine the limit process of At,^- This strategy will be 
also the basis of the proof of Theorem 1.1. 

Proof of Theorem 1.2. Consider the rescaled process Ar,y = v s x 
X Ta {rT + hjH), \t\<N, with v s = T^" 2 )/ 3 ^ and h s = v 2 s . The joint 
density of (Ar,^— N),At,j(N)) is given by 

Pt(£i, -N; £ 2 , N) = lim G(s, 6; T(l -r)h s - N)G(&,Zi; 2N) 

(2.16) 

x G(£i, e; T(l + r)h s - N)/G(e, e; 2Th s ). 

Since 7 > 1/2, Th s ~ T^ 7-1 -*/ 3 — > 00 when T — ► 00. Using the estimate from 
Lemma A.l, we have, for some constant a > 0, 

(2.17) G(e,e;2Th s ) = e 2 (l + 0{e- aTha )) 



G(e,fr,TQ.-T)h 8 -N) 

= e[Qfa) + 0(mm{&e- aTh °,e- a ^ Th ° )1/S })}. 



lim pT(^,-N;^,N) = n(^)G^ 2 ,^2N)n(^] 

T — >-OG 



and 
(2.18) 

Therefore 

(2.19) 

= /u(£i,-iV;&,iV). 

For any bounded, continuous function / on C([—N,N]), 

x E AT Jf\A T ^(-N) = ^,A T , y (N) = 6) 
(2.20) = f,dSidS 2 p A fa,-N;&,N) 

x E AT Jf\A T ^(-N) = S^At^N) = &) 
+ R 1 (T,N,f), 
with i?i(T,iV,/) bounded by 

|^!(r,iV, /)| < n/iioo / deic% 



(2.21) 

x |M£i,-iV;&, N)-p A ^, -N;&,N)\, 
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which converges to zero as T — > oo, because px converges pointwise to p_\ 
and pt, Pa are densities with total mass 1 (Scheffe's theorem; see, e.g., 
Appendix of [3]). Finally, Proposition 2.2 implies that the nonvanishing term 
in (2.20) is E A (f). □ 

3. Joint entrance and exit law. In a piecewise parabolic approximation 
of the semicircle, or more generally of a concave function, there are points 
with discontinuities in the slope. In order to control the subleading terms 
we take a continuous, piecewise parabolic shape such that the derivative has 
negative jumps at its discontinuity points. We call these points ridges. 

More precisely, let us consider a Brownian bridge b s (t) conditioned to re- 
main above a continuous, concave, piecewise parabolic function s(t), starting 
from s(ti n ) + £m at time ij n and ending at s(ifi n ) + x^ n at time tfi n , t m < ifi n , 
where 

(3.1) s(t) = cij + bjt — \cjt 2 for t G [uj-i, Uj] 

with Cj > 0, uq = ij n and um-i = ifin- We want to study the process close to 
t = t, with t very far away from the contact times Uj, say uk-i <C t <C uk- 
Define 



(3.2) v s = (-2 S "(?)) 1 / 3 , h t 



v 



2 



the times tj = uj for j = 0, . . . ,K — 1, t j = Uj_\ for j = K + 1, . . . , M, and 

(3.3) t K = t.=t-Nh- 1 , t K+1 = t + = t + NhJ 1 . 
Denote 

(3.4) u(t J ) = s'(tj)-s'(t+)>0, 
in particular, vifx) = v(tR+i) = 0, and 

(3.5) Vj = (-2s" ((tj + t i _ 1 )/2)) 1/3 , hj = v], Tj = \hj(t 3 - tj-!). 
Finally, let T = minj^+i Tj, assume that T — > oo as T — ► oo, and that 

, -pl/3 , -pl/3 

Lemma 3.1. Fix N > and denote t i-> Xr(i) = 6 s (t) — s(t). T/ien i/te 
joint density of (XT(t-), XT(t+)) with t- =tx — Nh^ 1 and t + =tx + NhJ 1 
is given by 

p T (x,t.;y,t+) = ^-^-F(X T (t^) < x,X T (t+) < y) 

(3.6) =^ 2 fi( Vs x)G(^x,^;2Af)^Ky)(l + 0( e - 2afl/3 )) 
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for some constant a > and where the error term Et converges pointwise 
to and its total mass is bounded by 



(3.7) f dxdy\E T (x,t-;y,t + )\ = 0(e 

JM 2 , 



Proof. Let us denote by Zi the position of the Brownian bridge above 
s(ti) for i = 0, . . . , M. Then the density (3.6) is given by 

Srm-3 UieJ dz i Ilfli ^{zj^Zj-utj-i) 
(3.8) p T (x,t--y,t + ) = -^ 



; r m-i mil dz t nf=i ^,^-1^-1) 

with J = {1,...,K- 1,A" + 2,...,M- 1}. Explicitly 

W(zj,tj\zj-i,tj-i) = W(zj,tj\zj-i,tj-i) 

(3-9) 

with g a function independent of Zj,Zj—±. When (3.9) is substituted in (3.8), 
the product of the q's simplifies. Moreover, each W contains a prefactor 
Vje~ wlFj ] see (A. 5). Thus W(zj,tj\Zj-i t tj-i) in (3.8) can be replaced by 

(3.10) v- 1 e^ r >W(z j ,t j \z j _ 1 ,t j _ 1 )exp[z j ^ 1 s'(t+_ 1 ) - z jS '(tJ)} 

and in addition s'(£q ) and s'(f^ , j) can be replaced by zero. 
Let us first analyze the denominator of (3.8). It can be written 

M-l M 

( 3 - n ) Lll {tee-« v{ M) UWvjZjMvjZ^ + Rr^VjZ^VjZ^)), 
JM + t=i j=i 

where i?r is the one in Lemma A.l. Denote 

(3.12) Q = n(v 1 z )n(v M z M )T[ [ dzie-^^niviz^nivi+xzi); 

then the expansion of (3.11) has the leading term 

K+i . 

(3.13) Q\ j dzi£l{v s Zi)Q,(v s Zi) = Qv~ 2 

i=K jR + 

plus 2 M — 1 terms containing one or more factors of R's. The conditions 

-2/3, 



1/3 1/3 

viXi n < T x and fM^fin < I'm imply the bounds 



< 0( Wl x in )0(e- ar i / 2 ), 
|< A >M* fin )| <n(v M x^)0(e- ar M I 2 ). 
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Using Lemma A. 2, we can replace each by O in the integration variables 

up to a multiplicative factor 0(e~ arl/3 ). Summing up all these contributions, 
the denominator is given by 

(3.15) denominator of (3.8) = aQv~ 2 (l + 0{e~ 2aVl/3 )) 

where is a constant coming from the replacements described be- 

fore (3.11). 

The numerator is obtained similarly, but the variables x and y are not 
integrated out, with the result 

(3.16) numerator of (3.8) = aQQ(v s y)G(v s y, v s x; 2N)£l(v s x) + E±(x,y) 

where the first is the term with no factor of R and E\{x, y) is the error term, 
which is bounded by 

\Ei(x,y)\ <aQG(v s y,v s x;2N) 

(3.17) x [n(v s x)R% (v s y) + n(v s y)R^(v s x) + R^(v s x)R^(v s y)} 

x(l + 0(e- 2afl/3 )) 
with i?S given in (A. 6). Prom (3.15) and (3.16) it follows that 

P T(x,t^y,t + ) = v 2 n(vsy)G(v s y,v s x;2N)n(v s x)(l + 0(e- 2aT1/3 )) 

(3.18) 

+ E 2 {x,y) 

with E 2 (x, y) = E 1 (x,y)/Qv~ 2 (l + 0{e~ 2afl/3 )). 

The expression of R^ implies that Rp(y) < e _arl/3 , converges pointwise 
to 0, and decays exponentially in y for large y. On the other hand, G(y, x; 2N) 
is uniformly bounded in x and y for any N > 0. Therefore 

(3.19) / dxdy \E 2 (x, y)\<0(e- apl/3 ). 

Jm^ U 

4. Proof of Theorem 1.1. In order to prove the theorem we first control 
the entrance/exit law for the interval [tT — Nh^^rT + Nhj 1 ], for which 
we use Lemma 3.1. Therefore one has to find a lower and an upper approx- 
imation satisfying its hypotheses. 

4.1. Upper and lower approximating shapes for t = —tT. The piecewise 
parabolic approximations s± are constructed with the parabolas 

(4.1) fi(t)=ai + bit-\cit 2 for t G [tij-ijUj] 

for — T = uo < u\ < ■ ■ ■ < u n -\ < u n = 0, where the choice of the uj's is 
discussed below. We set s±(t) = s±(—t) for t £ [0,T] (although this is not 
required for the result). Since we want to apply Proposition 2.2, we also 
determine Vj = (2cj) 1//3 and Tj = \{uj — Uj-\)hj with hj = v 2 . In case r = 0, 
we set bj = 0. 
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4.1.1. Upper approximation, r = 0. This is the easiest case and one needs 
only a single parabola, that is, n = 1, 

(4.2) h(t)=T-\T-H 2 . 
s+(t) = fi(t) > exit) for all t. Since uq = —T, u\ = 0, 

(4.3) v 1 = 2 1 / 3 T~ 1 / 3 , r 1 = 2~ 1 / 3 T 1 / 3 . 

4.1.2. Lower approximation, r = 0. In this case one needs n = 2. We 
define u\ = — T 3//4 . The parabola from (— T, 0) to {u\, or(u\)) is given by 
(4.1) with a x = T(l - T" 1 / 2 )" 1 / 2 and c x = 2T~ l + 0{T~ 3 / 2 ). The parabola 
from («i,ct(«i)) to (0,T) has a 2 = T and c 2 = T" 1 + C(T~ 3 / 2 ). Then for 
i G [— T, T], s_(i) < c T (i), with 

(4.4) Vl = 2 2 / 3 T" 1 / 3 + 0(r- 5 / 6 ), Ti = 2 1 / 3 T 1 / 3 + 0(T 1 / 12 ) 
and 

(4.5) ^2 = 2 1/3 T- 1 / 3 + 0(T- 5 / 6 ), r 2 = 2- 1 / 3 T 1 / 12 + 0(T^ 5 / 12 ). 
s_(i) has a ridge at ±iti. 

4.1.3. Upper approximation, r < 0. In this case the construction requires 
n = 3. For convenience we define A T = 1 — r 2 and (3 = —t > 0. Let u\ = —tT 
and let the parabola fi(t) be defined by 

fl(t) = f2(t) = c t {tT) + c' T (rT)(t - tT) 

(4.6) 

+ \c^{rT){l-T- l ^){t-TTf. 

We define u* to be the first intersection time after u± of f 2 (t) with cr(t). 
We estimate u* = -0T + A T /?" 1 T 3 / 4 + 0{T 1 / 2 ). Let 

(4.7) f(i) = a* - \c*t 2 

be the parabola which passes through (ui,ct(^i)) and (u* ,ct(u*)). Some 
computations lead to c* = A^T" 1 + 0{T~ 5 / 4 ). Since /*(*) < c T (i) for 
t € [iti,it*] and / 2 (t) > cr(t) for i £ [iti, u*] , there is a time u 2 6 (ui,u*) such 
that f^(u 2 ) = f*'(u 2 ). We obtain u 2 = -(3T '+\\ T j3- 1 T 3 l A + 0(T 1 / 2 ). Finally 
one has to define the third piece of parabola. Since f*(t) > exit) for t > u*, 
and f 2 {t) > cr(t) for t 6 [ui,u*], we define /3(i) by 



(4.8) 



/ 3 (t) = r(t) + (/ 2 (n 2 )-rM). 
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This construction satisfies > cx(t) for t G [— T,T], has a ridge at t = 0, 

and the second derivative is discontinuous at t = ±112 ■ Moreover one has 

t; 1 = 2 1 / 3 A- 1 / 2 T- 1 / 3 + 0(T- 7 / 12 ), 

Ti = 2~ 1 / 3 (1 - \t\)- 1 T 1 ' z + 0(T 1 ' 12 ), 

V2 = Vi, 

(4.9) 

r 2 = 2- 4 / 3 |rr 1 r 1 / 12 + o(T" 1 / 6 ), 
V3 = 2 1 / 3 A- 1 / 6 r- 1 / 3 + o(r- 7 / 12 ), 

r 3 = 2- 1 /3| r |A; 1 /3 r l/3 + 0(r l/12 ) _ 

4.1.4. Lower approximation, r < 0. In this case the construction requires 
n = 4. Also here let /? = — r and A T = 1 — r 2 . We define u 2 = —tT and the 
parabola f2(t) by 

/ 2 (t) = fs(t) = c T (rT) + c^(rT)(t - tT) 

(4.10) 

+ i4(rr)(i + r- 1 / 4 )(t-rr) 2 . 

/ 2 (t) has an intersection with exit) for some time t < U2, which we define 
to be m, and remains below exit) for t G [«2,0]. Some computations lead to 
Ul = -/3T - A T /?" 1 T 3 / 4 + C^T 1 / 2 ). Moreover let 

(4.11) h(t) = a l -\c l t 2 

— 1/2 

be the parabola passing through (— T, 0) and (u\, or(u\)). It has c\ = 2A T x 
T -i + 0(r- 5 /4). Finally we define u 3 = -(3T(l - T~ l ' A ) and 

(4.12) / 4 ( t ) = a4 _ i C4t 2 

such that fi(us) = fs(u-s) and f 4(113) = fs(us). We obtain C4 = A T 1 / 2 J 1 ~ 1 + 

o(r~ 5 / 4 ). 

This construction satisfies s_(t) < cr(t) for i G [— T, T], has a ridge at 
t = and at i = ±tti, and the second derivative is discontinuous at t = ±7x3. 
Moreover one has 

Vl = 2 1 / 3 A- 1 / 6 T- 1 /3 + 0(T -7/i2 )5 

Ti = 2~ 1 / 3 (1 - \t\)X^ 2 T^ 3 + 0(T^ 12 ), 
V2 = 2 l ^K l l 2 T- l ^ + 0(T~ 7 l 12 ), 
r 2 = 2- 1 /3| r |-iT 1 / 12 + 0(T- 1 / 6 ), 

(4.13) T 3 = 2- 1 / 3 |r|A- 1 T 1 / 12 + 0(T~^ 6 ), 
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v 4 = 2 1 / 3 \- 1 ^T- 1 / 3 + 0(T- 7 / 12 ), 
r 4 = 2- 1 /3| r | A ^/3 T i/3 + 0(T i/i2 )> 

4.2. Joint densities. We compute now the joint entrance/exit law for the 
process of Theorem 1.1. 

Let b±{t) be the Brownian bridge from (s±(—T),—T) to (s±(T),T) con- 
ditioned to stay above s±. The processes we actually want to study are 

(4.14) A T ,±{t) = v c [b±(rT + h'H) - c t (tT + h" 1 ^] 
and Proposition 2.2 is concerned with the processes 

(4.15) Y T> ±(t) = v s± [b±(TT + h~lt) - S± (tT + hj^t)]. 
Let us denote \t,± = v s± /v c , and 

(4.16) g T ,±{t) = v c [s±(tT + h~H) - c t (tT + h~H)]. 
Then 

(4.17) A T ,±(t) = A^ i 1 ± y T ,±(A|,±t) + g T ,±{t)- 

We compute Xt,± and bound gr,±{t) for t G [— N, N] with the result: 

(a) Case r = 0, 

A T , + = 1, 9T , + (i) = 0(iV 4 T- 2 / 3 ), 

(4.18) 

A r ,_ = 1 + ©(T" 1 / 2 ), 9r ,_(t) = 0(Af 2 T-V2). 

(b) Case r < 0, 

(4.19) A Ti± = l + 0(T- 1 / 4 ), g T>± (t) = 0(N 2 T~ 1 / 4 ). 

Lemma 4.1. Let pt iCt (^i,—N;^2iN) be the joint probability density of 
(At(-N),A t (N)), where A T is defined in (1.4). Then 

(4.20) lim Pt,c t (^-N;&,N) = Pa (Z 1 ,-N;&,N) 
with 

(4.21) P ^(a,-iv ; e2,iv)=o(e2)G(e2,6;2iv)o(ei). 

PROOF. Let Pt,±(£,i,-N;&,N) be the joint probability density of (-4t,±(-N) 5 Ar.iC-W))- 
Then, since Xt,± — ► 1 and gr,±(t) — ► as T — ► oo, 

lim p Ti± (6, -JV; 6, N) = p A (Ci, ~N; &, JV) 

i — >oo 

(4.22) 

= n(&)G(&, Ci;2iV)fi(a). 
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Denote -N;£ 2 ,N) = f x .<£. dx 1 dx 2 Pt,*(x±, -N;x 2 ,N), where * = {+, 

From the monotonicity properties of Propositions A. 5 and A. 6 it follows that 

(4.23) F r ,+ (Ci ,-N;&N)< Ft,c t (6 , -N; &,N)< F r ,_ (& , -N; &,N). 

Taking the limit T — > oo in (4.23) and using (4.22) we obtain 

lim F Ti e r (S li -Ni&,N) = F A (Z 1 ,-N;h,N) 

1 — >oo 

(4.24) 

dxi dx 2 pa(€i, -N;&,N), 
thus also 

(4.25) lim pT ;CT fa,-N^ 2 ,N) = p A fa,-N^ 2 ,N). D 

1 — >oo 

Finally we are in position to prove our main theorem on the circular con- 
straint. 

Proof of Theorem 1.1. The process we have to analyze is 

(4.26) A T (t) = v s X t (tT + hjH) 

where Xx(t) is defined in Theorem 1.1. We have to prove that At — ► A 
on C([—N,N]) in the limit T — ► oo, which is done through 

(4.27) At + ct^A + s 

where s is a fixed parabola and ct is a (nonrandom) function satisfying 

(4.28) lim sup \c T (t) - s(t)\ = 0. 
T -*°°te[-N,N] 

Then (4.27) implies 

(4.29) At + ct-s^A, 

since the mapping x i— > x — s is continuous. Finally (4.28) combined with 

(4.29) implies that At — ► A as T — > oo. 

Now, let us prove (4.27). Define L T (t) = a T {t - tT) + (5 T to be the line 
intersecting the circle ct at times t = tT ± hj 1 N. Moreover, let 

(4.30) c T (t) = v s (c t (tT + hjH) - L t (tT + h~H)) 
and 

(4.31) s ( t ) = i(iv 2 -t 2 ). 

A simple calculation shows that c T (t) = s(t) + 0{N z T~ 1 / ?J ), t G [-N, N]. 
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We now consider the process Yp = At + 5r- Let / be a bounded, contin- 
uous function on C([—N,N]). Using the Markov property, 

Ey T (/)= /, d^d^ PTyCT (^,-N^ 2 ,N) 

x E YT (f\Y T (-N) = ^,Y T (N) = £ 2 ) 
(4.32) = / d^d^PA^i,-N;^N) 

JR 2 + 

x E YT (f\YA-N) = Ci,Y T {N) = 6) 
+ R 1 {T,NJ), 

where the remainder term R\(T,N, f) can be bounded by 

|i2i(r,jv,/)i<n/ii 0O /' n deide 2 



(4.33) 

x \pr,o r (Sx,-N;S2,N)- PA (e li -Ni£ 2 ,N)\ 

which converges to zero as T — > oo, because pt.c t converges by Lemma 4.1 
pointwise to p A , and pr,c T ,PA are densities with total mass 1 (Scheffe's 
theorem; see, e.g., Appendix of [3]). 

Let Z(t) be the process defined in Proposition 2.2 with joint density of 
(Z(-N),Z(N)) given by p z (^, -N;&,N) = p A (^, -N; &,N). For any re- 
alization to of Z, define Xc T {^) = 1 if w(t) > exit) for all t £ [— N, N] and 
Xc T (w) = otherwise. Then the leading term of (4.32) is 

(4.34) E z (fxc T )/^z(Xc T ), 

and we have to show that it converges to E z (fxs)/^z(Xs) as T — ► oo. Notice 
that the reference measure does not depend on T; the only T-dependent 
quantity is cy. It is easy to see that 

(A qr\ ^z(fXs) E Z (fXc T ) i T> t ~ t \ 
(4-35) ___ = __ + r 2 ( SjCt J) 

^z{Xs) E z (xc T ) 

with 

E z (f Xs (l-Xc T )) E z (f(l-Xs)Xc T ) 

tt2{s,C T ,J) = : r 

^Z(Xs) ^z{Xs) 

(4.36) 

+ E z (fxc T )f^z(Xc T )-^z(Xs) 



E z (xc T ) V ^z(Xs 
Equation (4.36) can be bounded as 



\R2(S,C T J)\ < g^{E Z ( X c T {l ~ Xs))+^z{Xs(l-Xc T ))) 

(4.37) 

-^z({Xs^Xc T }). 
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Let B T = {lu\ Xs {lu) + Xe T H}; then F z ({ Xs + Xc T }) = ¥ z {B T ).Let e T = sup^.j^ \c T (t) - s(t)\ = Of 
then Bt C Dt = {uj\xs-£ T {u) / Xs+s T (^)} ■ In the limit T — ► oo, w G St if ^ 
touches without crossing the parabola s. Such paths have probability zero, 
therefore lim T ^ 00 Ey T (/) = E z (/ Xs )/E z ( Xs ). 

We have proved that Y? = At + — ► Z as T — > oo. By Proposition 2.2 
Z = ^4 + s, thus (4.27) holds. As discussed above, from (4.27) and the fact 
that ct — > s as T — ► oo, it follows that At — ► .A. □ 

5. Extensions. While the original motivation for our study came from 
the circular constraint, the proof presented extends to more general shape 
functions. We refrain from stating precise theorems. Still it should be in- 
structive to the reader to see how the Brownian bridge responds to a general 
constraint. 

Let us then substitute the circle ct by grit) = Tg(t/T), where g : [— 1, 1] — > 
E, g(—i) = ^(l) = 0, g continuous, and g £ C 2 ([— 1, 1]) piecewise. As before 
we fix the reference point tT, t G (—1,1), and study the fluctuations away 
from gx for times close to tT. To first approximation the fluctuation be- 
havior is determined by the sign of g"(r). We list three "standard" cases, g c 
denoting the convex envelope of g. 

(i) g"(r) < 0: assume that, for a 5 > 0, g G C 2 and g = g c on [r — 5, r + 5] . 
If </'(t) < 0, the fluctuations are as specified in Theorem 1.1, where now 
v s = (-2g"(r)Yl\ 

(ii) g"(r) = 0: let g be linear in [t\, tj[ and, for a 5 > 0, let g = g c , g" < 0, 
and g G C 2 on [ti — <5, ii) U (£2^2 + <5]- Then the fluctuations at tjT are of 
order T M , /i < 1/2, and inside the interval [t\T, t2T] of order T 1//2 . Thus the 
limit process will be Brownian excursion over the interval [ii,^]- 

(iii) g"(r) > 0: let [^i , £2] be an interval such that t\ < r < t2, g(t) < g c (t) 
for t G (t±, £2) and g{ti) = g c (ti), i = 1, 2. Moreover assume that for some 5 > 
0, g = g c and is C 2 on [ii — <5, ii]U [£2, *2 + £]- Then in (£1 , £2) the constraint has 
no effect on the Brownian motion and the limit process will be a Brownian 
bridge over the interval [ti,<2]- 

Clearly there are intermediate cases to be discussed. However, a really 
novel phenomenon appears if in case (i) we lift the assumption that g is 
continuously differentiable at r. We denote the right- (left-) hand limits by 
f(x + ) = lim tl , x f(x) and f(x~) = lim tTx f(x). 

(i.a) Ridge. Assume (i) except at r. Instead let </'(t + ) < 0, g"{r~) < 0, 
and v := g'(r~) — g'(T + ) > 0. Then the fluctuations above gxirT) are of 
order 1 and the probability density of Xt{tT) equals \v i x 1 e~ vx as T — > 00. 
As a consequence, (ii) and (iii) hold also if there is a ridge at ii and/or ti- 
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(i.b) Curvature discontinuity. Assume (i) except at r. Instead let g'(r~) = 
g'(r + ) but g"{r + ) ^ g"(r~) and ^'{t^) < 0. In this case the fluctuations are 
of order T 1//3 and the limiting probability density of Xt(tT) is, up to normal- 
ization, n(v s (T-)xT~ 1 / 3 )n(v s (T + )xT~ 1 ^), with v s (t±) = (-2 5 "(r ± )) 1 / 3 and 
Q(x) given in (2.8). 

APPENDIX 

A.l. Properties of the Airy function and its zeros. For the convenience 
of the reader we list a few properties of the Airy function needed in the main 
text. We follow the conventions in [1]. 

1. For large z, 

2. Ai(z) < 0.54 for all z and the maximum is reached at z = —fj, ~ —1.02. 

3. For large k, u) k ~ k) 2/3 and for all k > 2 

(A. 2) w fe -wi>/c 2/3 . 

4. |Ai'(-w fc )| > Ai'(-wi) where wi ~ 2.34, Ai'(-wi) ~ 0.70. 

5. For x G [0, —uj\ + fj], 

(A.3) M(-u l + x)>^t^±4x. 

6. For all xGM+, 

(A.4) n(x) = Ai(-uj 1 +x)/Ai'(-uj 1 )<6e- x , Q(x)<x. 

A.2. Leading term of the transition density. 

Lemma A.l. Let T = \it 2 — t\)h s and yi=v s Xi, i = 1,2; then 

'Ai(-wi + yi)Ai(-wi + y 2 



(A.5) 
with 



W{x 2 ,t 2 \x 1 ,t 1 )=v s e~ uir 

Ai (-wij 
\Rv(yi,y2)\<RUyi)Rr(y2), 



+ Rr{yi,y2j 



(A.6) 

Rriv) = min{yexp(-ar),exp(-a?/r 1/3 )} 

for a constant a > and T large enough. Moreover, for any fixed T > 0, 
W(x 2 ,t 2 \xi,t\) is uniformly bounded in x\,x 2 . 
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Proof. Let 
(A.7) $k(y) = e 



> fe -wi)r/2 Ai (- w fc + 2/) 



Ai'(-wjfe) 
Then Rv{yi,V2) is given by 

(A.8) i?r(!/i,Ife) = $^$fc(!/i)*jfc(lfe) 

fc>2 

and 

(A.9) |i2 r (yi, 2/2) I < E E 1^(^)1- 

fc>2 Z>2 

For large fc, u>k ~ (|7r/c) 2 / 3 , and for small k the exact values of uj^ are 
known [1], from which we deduce that u>k — u>\ > |& 2 ' 3 , for all k>2. More- 
over we have |l/Ai'(u;fc)| < 1 and |Ai(— uj, + y)| < |y||Ai'(— Wfc)|. Therefore it 
follows that 

(A.io) E l**(v)l < 2/E e " fc2/3r/2 < ^- r/2 ^i(r) 

fc>2 fc>2 

with Cl {r) = 3{Vr + )r~ 3 / 2 . 

This estimate is good except for very large y. For large y, the Airy function 
becomes of order 1 for ^ y, that is, for k ~ ^y 3 / 2 . Let fco(y) = y 3 / 2 /10. 
Then we distinguish between the cases for k <ko and k>k$. 

(a) 2 < k < k (y). In this case Ai(— Wfc + 2/) — exp(-|(-u; fc + y) 3 / 2 ) < 
exp(— |y 3//2 ) and, with the same estimate for the exponential term, we obtain 

(A.ll) |$ fc (y)| <exp(-ifc 2 / 3 r)exp(-iy 3 / 2 ). 

(b) fc > ko(y). For this case we use uju — u>i > \k 2 ^ and |Ai(— Uk + y)\ < 1 
and obtain 

(A.12) |<D fc (y)|<exp(-ifc 2 / 3 r). 
Therefore for large y we have 

fco(i/) 

El**(y)l=El**(y)l+ E 

fc>2 fc=2 k>k (y) 

(A.13) 

<^ e -fc»/»r/2 e - tf 8/V3 + £ exp(-iA : 2 / 3 r). 
fc>2 fc>fc (y) 

The first term on the right-hand side of (A.13) is bounded by ci(T) exp(— T/2- 
y 3 / 2 /3), and the second one is bounded by 



(A.14) dke- k2/3r / 2 <c 2 (T)e- r y/ 2 
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with C2 (r) = 3(v^72 + vry/2)r~ 3 / 2 . 

If we take T large, we can apply the approximation for large y to the 
y > T 2 / 3 and use e - y3/2 / 3 < e ~^ rl/3 / 3 to see that (A.6) holds. On the other 
hand, from (A. 10), (A. 14) and the boundedness of the ground state, it follows 
that W(x2,t2\xi,ti) is uniformly bounded in xx,X2 for any fixed T > 0. □ 

A. 3. Estimate of the integral with error terms. 

Lemma A. 2. Let us define 

POO 

I(0,oo)= / dx Q(v jx)Q(vj+ix)e~ ux , 
Jo 

poo 

(A.15) 7 s (0,oo) = / dxn(vjx)R^ j+i (v j+1 x)e~ ux , 

J 

roo 

I EE (0,oo) = J dxR^ivjX^.^Vj+tx^-™. 



aT 1 / 3 



Then, if v > 0, 

ii5(0,oo) < I(0,oo)Ce~ aL ~s+ 1 
(A.16) 

7^(0, oo) < 7(0,oo)Ce _a(r ^ /3+r i+ 3 i) 
for some constant C > 0, assuming r,-,rj4-i large enough. 

Proof. First we change variables as y = vjx. Setting A = vj+i/vj and 
v = v/vj , then 



7(0,oo)=7(0,oo)u,-= / dyn(y)Q(Xy)e- uy , 
Jo 

POO 

(A.17) I E (p,oo) = I E (Q,oo)v j =J dyn(y)R°. +1 (\y)e-°y, 

POO 

I EE (0, oo) = I EE (0, oo) Vj = j dyRl. {y)Rr j+1 (Aj/)e" 



To prove the lemma we have to find lower bounds for 7(0, oo) and upper 
bounds for I E (0,oo ) and I EE (0, oo). We use essentially (A.6), (A. 3) and (A. 4). 
First let us bound 7(0, oo). 

(a) A<1. Let 9 = Ai(-ut + /i)/[(-u;i + //)Ai'(-u;i)]. Then 

(A.18) 7(0,oo)> f 1 dy6 2 y 2 \e-" y = \6 2 K(i>), 

Jo 

where k(v) = Jq 1 dxx 2 e~ ux . It is easy to see that e~ x < 3k(x). 
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(b) A > 1. By the change of variable x = Xy, and then using the previous 
bound we obtain 

(A.19) I(0,oo) = -/ dxn(x)n(x/X)e-' /x / x > —9 2 k{9/X). 

a Jo v 

Next we compute some upper bounds of Ie(0, oo). 

(a) A< 1. 

(A.20) Ie(0,1)< f 1 dy Xy 2 e~ ar ^e- i>y = Xe- ar ^ K (D) 

Jo 

and 

roo 

(A.21) Je(1,oo)< J dyXye~ aT ^e- 0y 6e- y <6e^Xe- ar ^+\ 

(b) A>1. 



fl/A _ p — UL j + 1 

(A.22) Je(0,1/A)< J d yXy 2 e- ar ^e-*y = ^^K(9/X) 
and 

(A.23) iWl/A, oo) < r dyye- aXyr Y+ie-* v < ^e^+V^. 

Ji/x X z 

Putting all together, we obtain 



(A.24) 'f^ = ¥ '°°> < Ce~^ 

V ' /(0,oo) 1(0, oo) " 

for all A with C = 19 /6 2 (and T j+1 > 1). 
Finally we bound Iee(0, oo). 

(a) A<1. 

(A.25) Jbe(0,1)< / 1 ( iyAy 2 e- a(r ^ +r ^ l) e-^ = Ae- a(r ^ +r ^ l) K(z>) 
Jo 

and 

/°° n - - „ ,-,1/3 

dyXye- aT ^e- ayV 3 e~ vy < \e~ v Xe~ aV ^ e~ aV i . 

(b) A > 1. By the change of variable x = Xy we obtain immediately Iee(®, 
^ e -a(r J+ r j+1 ) K ^/ A ) and i EE (i/\ iQO ) < ^e-^e-^e-^+i. 

Putting all together, we see that for all A 

(A 27) jgg^ = / ^(°' °) < Ce"^ 3 ^ □ 

V ; 1(0, oo) /(0, oo) " 
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A. 4. Monotonicity on conditioning shapes. Let us consider a simple ran- 
dom walk on Z conditioned to come back to the origin after 2N steps, de- 
noted by £/v = (&v(*'))i=o- Let At = 27V' Ax = V ^*' and define B N(t) by 
setting Bj\[(kAt) = Ax^(k) for = 0, . . . , 2./V, and by linear interpolation 

for the other values of t G [0, 1]. The set of possible paths Bn is called IV. 
We denote by [i^ the uniform measure on the continuous paths B^. 

In the sequel we consider two conditioning shapes si, s 2 such that s\(t) < 
S2{t) for t G [0, 1], S2(0) < 0, S2(l) < and S2W < 00, and we denote by (jfy 
the path measure conditioned to remain above Sj, that is, /i^-(-) = /ijv(-|.B/v(i) > 
tG [0,1]). Let S = C([0, 1]) be the set of bounded continuous functions 
from [0, 1] to K with sup norm, and define the set of increasing function 
by 

(A.28) M = {/ G C(5)|/(6i) < /(6 2 ) whenever & x (t) < 6 2 (t) Vt G [0, 1]}. 



Proposition A. 3. Ifs\<82, then for all f G M , 

(A.29) J2 /4(W)< J2 l$(b)f(b). 

ber N ber N 

Proof. Equation (A.29) is equivalent to 

0< J2 A#(W(WK&i)- E f%(h)fi%(h)f(h) 

(A.30) 

= \ E (/( fe 2) " /(6i))(^(6 2 )^(6i) - ^(62)^(61)). 
(biM)er% 

Denote ^(61,62) = ^(62)^(^1) ~~ ^nQ^^n^P 1 )- In what follows the no- 
tation b\ s\ means that there exists a t such that bi(t) < s\(t). Similarly, 
b\ > s\ means that b\(t) > si(t) for all t. For the couple (61,62) there are 
different possibilities: 

(a) b\ ^ s\ and 62 2 «i, then ^(61,62) = 0. 

(b) 61 > si and b 2 > then VN{bi,b 2 ) = 0- 

(c) 61 > si, 62 > s 2 , but 61 ^ s 2 ; then: 

(cl) if 6 2 > &i, then f(b 2 )-f(h) > and 1/^(61,62) > since = 0, 

(c2) otherwise, 61 and 62 intersect above s 2 - I n this case, let (bi,b 2 ) be 
the couple of random walks defined as follows. Take a t = to such 
that 61 (to) < £2(^0 ) and se * ^i(*o) = ^i(*o) an d b^fto) = b 2 (to). 
Then for all other t from to to 1, b± and b' 2 are defined by ex- 
changing the paths of 61 and 62 when they merge and/or di- 
vide. Similarly for t from to back to 0. By the Markov prop- 
erty we have ^(61,62) = v N(b'i,b'^), and the new paths satisfy 



22 



P. L. FERRARI AND H. SPOHN 



b' 2 > b\ and 62 > 6' l5 and moreover if we apply twice the trans- 
formation we obtain the original paths. Thus, 7(62) + f(b' 2 ) — 
f(bi) — f(b[) > 0, so that the contributions in (A. 30) coming 
from (61,62) and from (61,62) are positive. 

(d) 62 > S\, 61 > S2- By symmetry the same conclusion is obtained in 
case (c) holds. □ 

Proposition A. 4 (Invariance principle). Let W° be the path measure 
of the Brownian bridge from (0,0) to (1,0). Then, as N — > 00, fijy W°, 
that is, 

(A.31) lim J2 VN(b)f(b) = f dW\b)f{b) 

for allfeC(S). 

Proposition A. 5. Let /i s '(6) = W°(b\b > Sj) be the path measure for 
the Brownian bridge conditioned to stay above Si, i = 1,2. We assume that 
Si are continuous, piecewise C l , and s± < S2- Then, for all f £ Ai, 



(A.32) / d^(b)f(b)< / d^(b)f(b). 

Js Js 

Proof. Define K(si)(b) = min tg [ 01 ] Q(b(t) - Si(t)) with the Heaviside 
function, and let D K ^ Si ^ be the set of discontinuities of K{sj). We want 
to show that P w o(D K ^) = 0. A path 6 ^ D K i Si ) if Ve > 0, 3 5 > such 
that \K( Si ){b) - K(si){b')\ < e, for all 6' satisfying \\b' - 6||oo < 5. Observe 
that K(si)(b) G {0,1}, thus a path 6 ^ D^( Si ) if min ie [ ^ (6(i) — Si(t)) 7^ 0. 
Therefore 6 € D K / s a if 6 touches Si but does not cross it. Now, consider 
a path 6 with touches Si and let r(6) be the first time that happens. The 
shape Si is continuous and piecewise C , therefore a.s. the path 6 will cross Sj, 
thus P^o(-Dft-( s .)) = 0. From this follows 

(A.33) lim m(b)f(b)K( Si )(b)= [ dW°(b)f(b)K( Sl )(b), 
for all feC(S). Since 

/a qa\ «rh\*ru\ ^b€T N HN(b)f(b)K{ S j){b) 

b ^ N Eber N VN{b)K{ Si )(b) 



(A.33) implies 

(A.35) lim /#(W) = / d^(b)f(b). 

Finally, using Proposition A. 3 we conclude that (A.32) holds. □ 
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Proposition A. 6. Let fj,^ be the path measure for the Brownian bridge 
from (0,z) to (1,0) conditioned to stay above a continuous piecewise C 1 
shape s. If z > 0, then 

(A.36) / d^\b)f(b)< f d^(b)f(b) 

Js Js 

for all increasing functions f G Ai . 

Proof. We have to show that 
(A.37) / d / u^(& 2 )V°)(6i)(/(6 2 )-/(&i))>0. 

For each couple (61,62) of Brownian bridges, let t(6i,&2) — mm ie[o,i](6i(£) = 
b 2 {t)). Define ip: (61, b 2 ) -► {b[,b' 2 ) where b' i {t) = b i (t) for t G [0,t(&i,6 2 )] and 
b / i (t) = b 3 - i (t) for te[r(6i,fe),l], i = 1,2. Obviously ^(p(6i, 6 2 )) = (61, 6 2 ) 
and by the Markov property d^ z \b 2 ) d^°\b\) = dpS- z \b 2 ) dpL^{b'{). By con- 
struction b 2 > b\ , b 2 > b[ , which implies 

^)(6 2 )V 0) (6i)(/(6 2 )-/(6i)) 
(A.38) 

= \ [ ^ ) (6 2 )V 0) (6i)(/(6 2 )-/(6 / i) + /(fe 2 )-/(6i))>0. 

□ 

Corollary A. 7. By linearity Proposition A. 5 holds also if the initial 
and final points have a given joint density independent of the path measure. 

Corollary A. 8. Let gi,g 2 be two probability densities such that 
(A. 39) f gi(x)dx< f g 2 (x)dx. 

J X<X\ J X<X\ 

Denote by \x x the path measure of Brownian motion b(t) starting from x. 
Then 

dyh(y) dxg 1 (x)fi x (f\b(l)=y) 



(A.40) 

< / dyh(y) I dx g 2 (x)/i x (f\b(l) = y) 



for any increasing function f G M., where h denotes the probability density 
o/6(l). 



24 



P. L. FERRARI AND H. SPOHN 



Proof. By linearity we need to verify the assertion only for a fixed 
end-point. Let F^x) = j y < x gi{y) dy, and let ipi(y) = Fr 1 (y) if 9i (y) > and 
^(y) = if gi(y) = 0. ipi(x) < ip2(x) for all x. Therefore 

J dxg 2 (x)fi x (f\b(l) =y) = J dz n Mz) (f\b(l) = y) 
(A.41) < f 1 dz Hl{z) (f\b(l)=y) 

J 

= [ dxgi(x)fj, x (f\b(i) =x). n 
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